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SUMMARY

The present report is concerned with a theoretical study of the
response of & linear tw terminal network %o a frequency puise modulated
wve, if this network 1s followed by an 1deal Aiscriminator. We have assumed
tke modulating function to be of the form

8(t) o ——t
le+ (pt)a

vhere t is the time variatle, and u a parameter characterizing the "duration
of the pulse®.

In Section I the response r(t) of a general tw terminal retwork
is found for the special case when A wO/aL is an integer, wvhere A % ia
the deviation from the carrier frequency @, «

In Section II the output of the dlscriminator r,(t) 1s determined,
under the assumption that A my/2s = 1. It is shown that such hypothesis
corresponds to cases of practical interest.

8ection III 1s concerned with expansions of the exponential inte-
gral of complex argumert. This function enters in the expressions of r(t)
and rd( t).

In 8ection IV tho formulae obtained in Sectior II are specialized
for the case of a single parallel RLC circuit taned on the carrier frequency
o, It 1s assumed that 2 w, >k and 2 w, >>Vv, vhare 2w is the total band-

dth of the circuil’ bvetween half power voints.

In 8eotion V asymptotic expressions are de.ived for the cases of
v/b —>00 and v/u—*0. For w/u—>o it is found that vhat time dependence
of v,(t) approaches 8(t) as, of course, it should bde. In such a case, the
prrallel tuned circuit degenerates in %o & pure resistance (w = 00 ), 1f it 14
assumed | 4 V. In deriving these asymptotic expressions the assumpticns pre-
viously made are of course maintained. PFor instance, it is always assumed
2w, >Ov.

Section VI is concerned with numerical computations, dbaaed on the
feraulas obtained in S8ection IV. Oalculations have been carried out for
-4 ut <Ui, and for w/u-—>w, 10, 4, 2, 1, 0.4, 0.1, 0.01—>»0. These cal-
culations show that the time dependence of v,(t) is very similar to that of
the modulating function 8(t), provided w/u ;5.. If w/b <1 the input signal
becones very distorted. Ve can say that for o >v/u > 1 the output 1s similar
to the input, i.e. 1/1+(ut)e. For 0.1 < w/u <1 the output is very critically
drwpen.>nt on time, and there:ore difficult to calculate. In the interval
0 <w/u < 0.1 the output does not vary too much and it is similar to that given
by the esymptotic formula for w/p—20, 1i.e. pt/2s(ut)2.

- e m e et e e o e e e - -
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Introdustion

Transients solutions for linear networks, subject to a frequency
modulateld driving function, have been obtained for a few typical cases.
Salinge congidere the reeponse of an ideal band pags filter followed by
an ideal discriminator, to a frequency "etep". Gold “:Snd.d Salinger's
golution ﬁor the case of a frequency "squaure pulse®. Hok’ and Ekstein and
Schiffmar” have investigated the response of a linear network, without dis-
criminator, to a lineairly increasing frequency.

The solutione recalled wers possible in virtue of the simplicity
of the modulating function chosen, Salinger picked the sinplest! type of
modulating function, i.e. a constant (in Eeaviside's senss). Eok considered ths
next function in order of complexity, i.e. the linear function.

It seems therefore natural to ask: Is there aome other type of

simple modulating function which, besides being of practical interest, will
lead to integrations which can be handled? If one considers the formal ex-
pression for the response of & general linear network subject to a frequency
modulated driving function, it is easy to see that modulating functions of
the form '

1 :
1. “2 1;2 3

8(t) =

vhsere ¢ represents time and 4 a parameter, lead to exnressions which can be
integrated, at least for values of the frequency swing integral multiples
of 2. The function 8(t) is also suitable %o represent a "pulse®, which is a §
type of modulation of practical importance. W¥We have therefore chosen this
function for our investigationr.

H. Sclingor.u"Tmsients in Frequency Modulation®, Proc. I.R.E., August,
1942,

B. Gold, "Transients in Frequency Modulation™, Report R-154-47, PIB-103,
Microwave Research Institute ¢f the Polytechnic Instituta of
Brooklyn, 1947.

3 G. Hok, "Response of Linaar Resonant Systems to Excitation of a Frequency

Varying Linearly with Time", Jour. App. Phys., March 1948,

H, Bkstein and T, Schiffman, "Responss of a Linear Network with a Linearly
Variadle Frequency as obdtained in Sweep Frequency Test*, Pro-
ceedings of the Hational Electronics Conferemce, Vol, VII, 1951.
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Section I - Rosponse of a Two Terminal Network

The response of a two terminal network can be expressed, by means
of the superposition integral, as follows

%
+(H) = f £2) glt - T) a2 (1)
-0

vhera:
r(t) is responso

f(e') is driving function

g(t) is the Oreen's function, 1.e. the response of the natwrk in
question to a unit impulse. The lower limit of the integral has been as=umed
to be - 00 since the functica £(?) that we shall consider starts at t = - .

For a non-impulsive network the Laplace transform of g{t), that we
shall indicate with G(p), is a prcper rational fraction, and can be expanded
as follows:

n Aa
®p) = Z 7T, (2)
8=l

wvhere p_ are the roots of the denominator of G{p), which are assumed tc be all
distinct. We now assume a complex driving function of the form

8(t Hw t + A 8(t) at)
O . eJ ) . l‘oe Yol * mocr-oo ) (3)

The instantaneous frequency, ie defined uniguely, since Fo is constant with
time, as
40

-d..? = w') + A (Do S(t) (’4)
If now we assume
8(t) = L (5)
1+ (ut)2

the frequency of the driving furction will vary iz tas pulse like manner de-
picted in Fig. 1.
S(t)

0 «t
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t

Since 'r-co 8(t) At - & (tan™!

pt + 12'-) Eq. (3) can be written:

Tyt e 2 % (tan”? ut + ) ]
f(e) = T o " ° £ 2 (6)

If now the function {3) 1s apnlied %o the two terminals of the
eystem (2), the typical a comporen: of the response can be written, by using
the supsrposl tios integral, as 7rllows

- p.t j\t -p.!,‘_
r, > A' e - ® f(t) ac
and using Bq. (6) Ao N
" Pat at +['.t+3 “o tan ~ ut
1'. = -’2 ‘. -] J_m ] dv (7)
Yrhare ve have let
Aw
3 n
- - [V 2 PN
r. = Js, ~-p, :9. F e 8
if now we recall that
-1 1 1 +432
& o ————
tan ~ 2 3 log 1 -2
Zq. (7) vecomes Aw
- p.t t r.t l+e jp? 2 uo
re = 3'2 A. e f_m o (1 =3 Bt) aT (9)

The integral appearing in Bg. (9) can be easily evaluated 1f A w /2 is an
integer. If we lot A mo/Zu = q, we are concerned with the folloerlng integral

e [t
I; (-}%-31-%:) o ' at (10)

To tranafom this integral we notice that, in general, we can write

(z ¢ 1)472 o 5, ¥
o + > + ...+ 3 (11)
(z -1)% Z-1 (2 -1) (% -1)
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vhere
q-r -
 J 1. dq-r (z4-1)“1 r=1,2, ... q (12)
(e -r)! a2 L1

sincs the function on the lefs side of Eq. (11) has a pole of order q at Z=l.
*srforming the differentiations indicated in Bq. (12) we get

Q-1 .r-1
B,o= (.82

2q.(10) therefore becomss

t e [ .t t [ ¢
J_m(-}%}ﬁ%) o at = (1) I P AN

% t -4 t - 4 P |
= (-2)9 L g, =i b
® lead BH .4y 3 (542 (&4-%)5
4
t - t
LN, —i— B .r' at
Tgwtt de i
Letting now
2= ted; 2o & v d v azod araas
we got
s e [t N R 2B + 5, 4
'f-oo(_w:,ju:)..“'(-l)q.“ .J-m“ [nl"' K z

oN_+ ¥ 2§ _+ 8§ P [ 2
LS -1 ~ "q _1 q 1 ]
+-(—3—72-}-3“ zz+...+ == = * }o a3
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vhere ths path of integratior in the complex Z plan is indicated in Fig. 2.

s
Pl 2 LANE
# .
t L
= 5 - /q/ 7
" EEAL AXiS
rig. 2

All the integrals appearing on tha right hand side of ¥q. (13) can
be expressed in terms of the exponential integral

(3fwst) [ 2

[
I. = I!',l + J Ii.l = j‘ e ——z 4z (11&) i

this is apparent if we recall that in genemral

K Mz r i
.'dza-O' _].__._;__.+ s -L., #l. l~.)
g% n-1 zl-l Zn-lszm-aj g2=2 zn-IS! 2 '
-1 [ 2 ¢
Te-1)t ) ~ 2 2>1  (15)

SEdv s

Eq. (15) s odtained by successive integration by parts. In applying this
formula %o EQ. (13) we have to recall that

w[n1-nlnle

[ 2
o« ' —o vhen R [t]— -» .

4

and therefore
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By inserting (15) into (13) we finally attain the following
expression for (9)

-4
- . -.1)‘11';.“ “f' { 2 5 +ni ani+n}

8 (3n)2 g
-1
* L. b anq r-.q
(ju)l (q-1)1

L [ Femy y  BeB g g
Ty Gw? eed u’ ® (ved)?
+r' 1 )-,,,-..219..(..1:_ 1 = r'_ 1
2 (e4d ()T T (e DT (ga1)(e-2) (e D)I2
r Q-2
PO L ) (16)
(g-1)% ted

Equation (16) shows that the response of a general network to a
frequency modulated driving function, whose modulating function 1s of the form
(5), can be expressed in terms of exponential integrals of complex argument,
provided the ratio A o, /2w is & positive integer.
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Section II - Output of the Limiter-Discriminator

Bquation (16) gives the sth component of the response. ¥What is
agsually required, however, is the output of an ideal limiter-discriminator
network, to vhich the response of the system is applied. Tor ideal limiter-
dscrinminator we mean a device, which first reduces the amplitude of the
applied signal to a value constant with time (limiter), and whose output 1s
proportional to the time derivative of the phase of this constant amplitude
signal (discriminator).

Formally it 1s a simple matter to find such derivative, but to carry
out the astual calculations is usually very cumbersome.

In gereral, if we write the response as

?(t)-f";,ai(n.wx,)-nwz (17)
=1 =1
1ts phase angle can be written
¥ = tant & (18)
and therefore
X -‘-EE - X %f-x{—m - r,(t) (19)

Where K is a constant vhich is dependent upon the characteristics of the dis-
crininator.

From the preceding section 2t is apparent that to derive a general
expression for the responss rq for any integer q is e very complicated matter.
In wvhat follows we shall therefore only consider cases vhere

Ao,
2

That such an assumption refers to cases vhich can be of a practical
importance can be easily shown.

q = =1 {20)

From Bq. (5) 1t 1s evident that we have to define the dnra%ion of
the pulge. A reasonable definition for this qQuantity can be the following:
The duration of the pulse 1s defined as twice the time T necessary to reduce
8(t) from 1 to 1/10. Using this definition we can relate 4 with the duration
of the pulse 2T. Ve have

o.l = =
1+ (u1)2

" =-%- (21)

or
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Tor a pulse duration of 1 4 sec (27 = 10-6 sec), we got from Iq. (21)
b= 6.10°

and taking into account Eq. (20)
Awo = 1.2.106 rad/sec.

In other words with a pulse duration of 1 p sec, to fulfill condition (20)
the frequercy deviation must be about 1.9 Mc/sec.

Assunption (20) simplifies very muckh expression (15), end we bave

~d
= r~ (& + t)
- -A!op.t&ra 241-°'.“ (22)
Ts s o b s r
3
since according to the second of (8) P = Fo " = ro. If novw we let
36
Py = =<, * Jﬁ' . A, = |ae® (23)

and recall *he firgt of (8) and (14), we get

%o " Py b °<'s)
)Jo.‘.t+ m +J({.t+ .+T

xy = = FOIA.I 2(11-,. + J 11’8 :

+

<, +3(0 - F) I +0o t)
02 0 ﬂ; ¢ [ 3 * 0 ] (2“)
-, (o) - ﬁ.)

The second term of this equation is easily recognized to be the steady state.

Separating the real and imaginary part of the right hand side of Bq. (24) we

got © -‘5

0 s
m

D) ] 1
R, = ?ola.l la m \ [11'. coe Y+ I _osin Y.J

i = -,6)2 E"’o'ﬂ.) oiné.-»-(.ooo;.]

(25)
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0 -8
I' o J'o IA'I 2: [- Ir.. cos 7' + Ii,' sin Y']

- ".2* (:o -,8.)2 Emo -,8.) cos S' + =<_oin f']

(26)
where

Y, ® (g't+¢'+‘%'- and 5.- d.+w°t (271)

the derivectives of R' and x. are as follows:

o=
N o<yt
S - 1
R: = ro IA.le s [ﬂ'li.'.in Y'+Ii.'ool Y'-o-/.lr.'oos Y'+Ir.' sin Y.]
-, T, IAJ
s+t 0 Ii.'ou ‘\"+Ir.'|1n Yo+ e /)2 «'woling'mo(mo-ﬂ.)ools.
s o (s
(28)
2,
' la]a 2 4 ~* 1 I 1 It
x' = J'° A'a 5 () ﬂ, x_..li.n Y'- r,|°°' Y'ﬂl' 1..oo- Y.+ {o sin ‘Y.

-yt ro "ll
+ -"o [-Ir.'oo- Y.+Il..-in Y'_J + “2 o~ ﬂ )2 Eso(mo-ﬂ')ung"-«.mocolg']
| [} [ ]
(29)
Yormulae (25), (26), (28), (29), together with (19), allow the calculation of the

output of the limiter-discriminator, when the network in question is driven
Yy the function (€), and Awolzu. a 1,
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Section III - ZExpansions for the Integral (a4)

The integral (14) oan be easily transformed into a standard form as

followe:
Jluwet  t2 A -2
I -Lr o az—dz :f 'e— (30)
-m-q.-& ' \+00 J)F
where
- (de0) = [, - F)] (e w) (31)
= H ¢ JH = fOie
Zo F a - % (
M = okt + m 3“"”0',&) 52)
Now we have
A 1-1;'z o m~l A
I = 04-1051»-]0 2 &Z = 0 +logh -~ Z(-l)"" B R (33)

wvhere C = 0.5772 is the Buler-Mascheroni constant.
Since the path of integratior does not encircle the origin (Fig. 2)
log A = logfo-JO (34)

we can therefore write

I=1 +JI=O+log§’ i(-l) i.co.m9+1[ Z(_l)icinmﬂ

(35)

A useful asymptotic expansion for the integral (30) ie easily obimined by suc-
cossive Integrution by parts, and it is the follovwing

-
° 11 21 3!
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1t is easy to derive an expression for I' which appears in 3q. (28)
and 9. (29)

' 3—-‘”‘,"—-“-“,- <= 3 (w, -B) =\
1 o,t aa [ 3 5] .,o_zo*d [-::-(wo-ﬂ)t]e

(37)

Section IV - Single Tuned Circuit

We want now to apply the formula of the preceding section to cal-
culate the output of the discriminator, for the case sketched in Fig. 3.

i

(0o L ¢ vl [

T

LIPITER OISCEINIINATOR

Pig. 3
¥We shall assume that the circuit is tuned on the carrier frequency o, = = .
and ,[LO

2w
(38)

whers 2v is the total bandwidth between half power points. The current i(t)
is tke coaplex driving function, and its expression, if we assurme l‘ = 1 and
Aw /a; e 1, follows from (6)

Jl w t+2ta.n-lut4~%]

T(t) = o =° (39)
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Trom (2) we have

P P
1 1
®p) = ’;"c' — (pt—pz - ,—_3;:) (%)
J /wo = N Raca
vhore
P
1 1 2 1 1
m e === 4 o =) * W = = (1&1
’2 2RC - \/o " naca (] JITC- )

Introducing row the Q of the circuit, we have

R i 3
Q = ;o-‘r = mo RC ¥y = ﬁ Ld -2“
P (k2)
lz-vgdmo Np)zég(r—rf +,——-5-f )
Pa 1 2

With reference to fomulae (25), (26) and (27), we recognise that

1
,ﬁ""al"ac I Bl Tl ‘628:%

Y, §

4 1
b= bpm0 L JesereE e

(43)

3q. (17), taing into account (24), (42), (43), becomes

J
- 2 - ~wta 5 1
v(') = NJXBZV.(t) ] -—2% [2 II(AI) :} ° 1 . 2

sl

2w,

v
P vt e =24 gy, 0.152
va1, ) de . ()
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vhere, recalling Eqs. (31) and (32),

2u,
N o=-(vtey ¥ Mw =2ewt -y (20 e ) (45)

¥e now waat to investigate the magnitude of the term Containing
I.(M\,) in Eq. (44), and compare it with the magnitude of the term containing
(a3),

If ){' in order to see if some simplication is possidble,
In the following we shall assume that

%
}
E 203

>>1 (46)
Let's start investigating the term containing Ia()«a). Ye have

- 2w 1/2
ol m (52 - WP ez v v X))

RN
2w 1/2 20
(Y4 2 2 Wy 2
[(T) + (w) 4+ (20 t)< + (;) ] > ";2 (47)
&
' Comparing (47) and (46) we can conclude that | 2|>>1. Pronm Bq. (36) we get,
for the magnitude of the term containing I,( )
] 20
1 ~wth —— +JY 1
N 2
| Iala(ka)&e |z,-§ = |<_§;°- (4g)

-—l vyt ¥
= vt.i(amu- )

Let'as now investigate the term, containing 11().1). ¥We have, letting 2 = s

—wt-4 ¥
SRS F R I Pl

“’

’2°-‘t
»

w -(§ -3 Y w «(§-3Y
e “ agls.a..""f TN 4§’
+00 E-Jf » +® g-Jﬁ

+m

TR Y JPrP e Oy Tere poyarpees. Yo = SR Y O
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Ty

Since in virtue of (3€)
1 a
o < < v
o
we can conclude that, in Bq. (44), the term containing I (A,) can be neglected
in comparison with the term containing I (A ). With thif sfmplifiscition, and

keeping into account (38), we easily obtain ths following expressions for the
real and imaginary part of v(t):

L /2 ow ' ¥, 1
e R-E- [“e (Ii,l cos = Ir,l lin“)+v]oumct

-

2 in X ~
+8e (11’1 sin T+ I, cos “) sin o t (50)

= 2oV (. X b 4
x- % 2™ (-1, con¥-1, ) s1a¥) oos ¢

,1
+ [-E o ('Ir.l sin -E-c- 11.1 cos ﬁ) + %] sinw (m)
or letting
A = % ['E ot (11.1 cos E - Ir,l sin -:-:) + %-J (52)
B o -2% ﬁo'“ (Ii,l linf# Ir,l cos E) (53)
we can write
R-Aco|w°t+3unm°t (54)
| xa-Boo.m°t+A|inmot (55)
' or
2= yA24 3% cos (o ¢ -¥) ¥=tant 2 (56)
X = Va2, 82 oo.(m°t+1-21-t) (57)

Except for the constant K @, we oan therefore write

vds-x-:-t‘t (58)

e e e ————— St R
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oF B! B, A!
vd(t) s - ﬁa 5 2wlX (59)
Al + Bl
A -achnzie-“ [Ii(k) col'E-Ir(k) -inﬁ]#l (60)
3, =2 v3= afe-“ EI(A) .inf«o- Ir(k) cos -E] (61)

and taking into account the firat cf Zq. (45)

2
2CA' = -A +1- (62)
‘1 14-112
2CB' = -B +2 —2 (63)
t 1-o-ua
vhere we have
a = pt (6&)

Seotion V - Asymptotic Formulae

It is now interesting to investigate the form that Bq. (59) takes
wvhen v—>»00 or w~—3 0. The first case obviously corresnonds to the case of
a pure resistance across the current generator (see Fig. 3). VWe expect there~
fore to find v, proportional to the modulating function (5). The second case
corresponds to a lossless parallel tuned circuis across the current generator.
Howsver, in this case the form of \£] is not so obvious as in the first case.

To find the asymptotic formula foi v, when v —>00 we use the asymp-
totic expression (36). In order to get a remalnder for the quantities A,, B,
A', B' that vanishes at least as Ww, we have to take two (or more) terms of
the expansion (36). Proceeding in this way we get




R-299-52, PIB-238 16

ho= - 1fu2*1-u%(1+uu2)2*°(§) (&2
31--11;3?- 2%ﬁ$¢o(f2-) (66)
204 = +4E (1‘:“2)2 ¢o(f2-) (67)
20 B .+a%-(-’1-'—i—:-;)—2¢o(fg-) (68)

introducing these expressions in Eq. (53), and keeping only the term of lowest
order in p/w, we get

lin  v,(%) = 2 1 5 (69)
w—>00 l+n

the right hand side of Eq. (69) 1s simply d/d¢ (2 tan wt) i.e. the modulating
function 8(t). It should be noted that the asymptotic expression (69) could have
also been obtained by introducing the first term of Eqs. (36) in (60) ana (61)
and then evaluating C A' ard C B', Such a rrocedure is equivalent to differ-
entiating the asymptotic expansion (36). In this case it is easy to sse that
one term only of the asymptotic expression leads to a remainder which vanishes
at least as /w. To find the as;mptotic formula for w/u—> 0, we use the reries
expansion (33). Proceeding in this way, and keeping only the lowest order in w,
weo got

m v, = -2wWk—"— o v, (%) . (10)
r— 1+ u® ;00

Section VI - Numerical Compuiations

Using Bqs. (60), (61), (62), (6&) and (59) numerical computations

have been carried out for - ¥ S u = ut < 4 for e falbwingvalues of w/bh =a— o,

10, 4, 2, 1, 04, 0.1, 0.01,—> O. The results of these calculations have been

recorded in Pige. XRI-13106, NRI-13107, NRI-13108, NRI-13109, MRI-13110, NRI-13111,

MRI-13112, NRI-13113, MRI-13114% and MRI-i3115, where v, is plotted sgainst u,

and we have let '4'! = 'd/'d m(0) A m(o) a K as 19-1. apparent from Bq. (70).
1 ] *
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The maximuy positive value of vl bas been normalised to 1. To goet the actmal
value of v,, 1. o, the valus (59’ éivided by 2 u K, the ordinates of the diagram
have to be multiplied by a constani H whose value is indicated in each dlagran.

The numerical evaluation of the integral (3C) has been carried out
by means of the expansions {35) or (36). When possidle the values tabulated by
the Computation Ladcratory, 150 Rassau Straet, New York, K.Y, have been used.
However, the availadle Tadles are, at present, rather limited, and in partiocular

the values corrssponding to negative real part of the independent variadle, have
not been tabulatsed,

The resuits 0f the computation for I_(A) end Ii(A) have been recorded
in Fige. MRI-13116, MRI-13117, MRI-13118, MRI-I3119, MRIZ131120 and MRI-13121.
In these diagrams the points marked with an arrow refer ic the values tadbulated
by the National Laboratory. The other values have been computed by us.

In the computation we have let

A= x + Jy

where
v w
- - u - -—
X = " y = »
Conclusions

From the spt of Figs. MRI-13106 to MRI-13115 4¢ is apparent that the
tine dependence of v, 1s very similar to that of §(t) 1f w/u >1. This result
is interesting since it shows that, even with a relatively narrow passband, the
reproduction of the grigiml signal 1s still good. To appreciate this fact con-
sider a pulse of 107" sec. and assume for duration of the pulpe the definition
given in Section II. From Eq. (21) therefore we get u = $.10°, so that in order
to get a good response it is necessary %o assups ¥ >5.10°, or the total band-
width in cycles greater than approximately 210°g/ses. Figures MRI-1311l1 and
MRI-13112 show, however, that it is not safe to operate in the neighborhood of
w/p = 1, since for instance for w/u = 0.4 the response is very distorted.

It has to be emphasized that the numerical results obtained refer
only to the case of g =\ t.vyo/p = 1. It wonld be interesting to carry on calcu-
lations for other values of q and eventually ovtain formulae for non-integral
values (< 1) of q. However,it seems that the formulae become very cumbersome
even for values 0f Q = 2 or 3. It 41s also doubtful that it would be feasible
to obtain formulae for qQ >3 independent of W,
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